In this article, we study the radiative decays among the charmonium states with the heavy quark effective theory, and make predictions for the ratios among the radiative decay widths of an special multiplet to another multiplet. The predictions can be confronted with the experimental data in the future and put additional constraints in identifying the X, Y , Z charmonium-like mesons.
Introduction
In recent years, the Babar, Belle, CLEO, D0, CDF and FOCUS collaborations have discovered (or confirmed) a large number of charmonium-like states and revitalized the interest in the spectroscopy of the charmonium states. Many possible assignments for those states have been suggested, such as the conventional charmonium states, the multiquark states (irrespective of the molecule type and the diquark-antidiquark type), the hybrid states, the baryonium states, the threshold effects, etc [1, 2, 3, 4, 5, 6, 7] . The main difficulties in identifying those new mesons as the excited charmonium states in that the observed masses do not fit in with the predictions of the potential models based on the confining potential. In this article, we will focus on the traditional charmonium scenario and study the radiative decays among the charmonium states with the heavy quark effective theory [8, 9, 10] .
In 2003, the Belle collaboration observed the X(3872) in the J/ψπ + π − invariant mass distribution with a significance in excess of 10 σ in the B → KJ/ψπ + π − decay [11] , and later the X(3872) was confirmed by the D0, CDF and Babar collaborations [12, 13, 14] . The decay X(3872) → J/ψγ observed by the Belle and Babar collaborations [15, 16, 17] and the decay X(3872) → ψ ′ γ observed by the Babar collaboration [17] favor the even charge conjunction assignment. The di-pion spectrum also indicates that the charge conjunction is even [11] , and the studies of the Belle collaboration [15] and CDF collaboration [18, 19] favor the spin-parity-charge-conjunction J P C = 1 ++ assignment for the X(3872). However, the recent analysis of the B → J/ψωK decay by the Babar collaboration indicates that the P -wave orbital angular momentum for the J/ψω system is more favored than the S-wave, the X(3872) maybe have the spin-parity-charge-conjunction J P C = 2 −+ instead of the J P C = 1 ++ [20] . In Ref. [21] , Jia et al study the radiative decays X(3872) → J/ψ(ψ ′ ) + γ within several phenomenological potential models, and observe that the 2 −+ assignment for the X(3872) is highly problematic. In this article, we assume that the X(3872) is the conventional charmonium χ c1 (2P) [22, 23, 24, 25, 26] .
In 2005, the Belle collaboration observed the Z(3930) in the DD invariant mass distribution near 3.93 GeV in the γγ collision with the statistical significance of 5.3 σ [27] , the mass and width are M Z(3930) = (3929 ± 5 ± 2) MeV and Γ Z(3930) = (29 ± 10 ± 2) MeV, respectively. The production rate and the angular distribution favor the χ c2 (2P) assignment [27] . In the same year, the Belle collaboration observed the X(3940) in the recoiling spectrum of the J/ψ in the process e + e − → J/ψ + D * D [28] . Later the Belle collaboration studied it with higher statistics and determined the mass and width M X(3940) = 3942 DD decay mode indicate that it is a good candidate for the η c (3S) state [28, 29, 30] , although the mass is lower than the prediction of the potential models [31] . The dominant decay mode of the X(4160) is the D * D * [29] , and the DD and DD * modes have not been observed, so the X(4160) may be the η c (4S) or χ c0 (3P) candidate [32] .
Also in 2005, the Babar collaboration observed the Y (4260) in the J/ψπ + π − invariant mass distribution in the initial state radiation (ISR) process e + e − → γ ISR J/ψπ + π − [33] . It was confirmed by the CLEO collaboration [34] and Belle collaboration [35] , and in the Belle data there is also a relative broad structure Y (4008) with the mass M Y (4008) = 4008 ± 40
MeV and width Γ Y (4008) = (226 ± 44 ± 87) MeV, respectively. In Ref. [36] , Llanes-Estrada suggests that the Y (4260) may be the ψ(4S) charmonium state and displaces the ψ(4415).
In 2006, the Babar collaboration observed the structure Y (4320) in the initial state radiation process [46] . The Belle collaboration measured the process γγ → φJ/ψ for the J/ψφ invariant mass distributions between the threshold and 5 GeV, and observed a narrow peak X(4350) with a significance of 3.2 σ [47] . The mass and width are M X(4350) = 4350.6 +4.6 −5.1 ± 0.7 MeV and Γ X(4350) = 13.3 +17.9 −9.1 ± 4.1 MeV, respectively; and no signal for the Y (4140) → J/ψφ structure was observed [47] . It is difficult to identify the Y (3940), Y (4140) and X(4350) as the conventional charmonium states [48] .
In Table 1 , we list the experimental values of the charmonium states with the possible identifications compared with the theoretical predictions [26, 31, 49] . We do not mean that such assignments are correct and exclude other possibilities, and just take it for granted for the moment and study the radiative decays among the charmonium states with the heavy quark effective theory [8, 9, 10] 2 The radiative decays with the heavy quark effective theory
The charmonium states can be classified according to the notation n 2s+1 L j , where the n is the radial quantum number, the L is the orbital angular momentum, the s is the spin, and the j is the total angular momentum. They have the parity and charge conjugation P = (−1)
L+1
and C = (−1)
L+s , respectively. The states have the same radial quantum number n and orbital momentum L can be expressed by the superfields J, J µ , J µν , etc [55] ,
where the v µ denotes the four-velocity associated to the superfields, the fields χ
have the total angular momentum j = 3, 2, 1, 0, 2 respectively, and belong to different multiplets. The fields in a definite superfield have the same n, and form a multiplet. We multiply the charmonium fields χ 
where S, S ′ ∈ SU (2) heavy quark spin symmetry groups, and [S, v /] = [S ′ , v /] = 0. The radiative transitions between the m and n charmonium states can be described by the following Lagrangians, [56] , where the Lagrangian L P D is introduced for the first time.
From the heavy quark effective Lagrangians L SS , L SP and L P D , we can obtain the radiative decay widths Γ,
where the T denotes the scattering amplitude, the k γ is the momentum of the final states in the center of mass coordinate, the denotes the sum of all the polarization vectors, the j is the total angular momentum of the initial state, and the M i is the mass of the initial state. Cho and Wise study the radiative decays of the heavy quarkonia using the multipole expansion and heavy quark symmetry [57] .
Numerical Results
We calculate the radiative decay widths Γ using the FeynCalc to carry out the sum of all the polarization vectors. In calculations, the masses of the charmonium states are taken as the experimental values from the Review of Particle Physics [49] , see Table 1 ; for the unobserved charmonium states, we take the values from the screened potential model [26] , and assume that the charmonium states ψ(5 3 S 1 ) and η c (5 1 S 0 ) have degenerate masses. In this article, we identify the ψ(4415) as the ψ(5 3 S 1 ) charmonium state, and expect that the η c (5 1 S 0 ) charmonium state has slightly smaller mass. The predictions of the screened potential model are M ψ(4S) = 4463 MeV and M ηc(4S) = 4446 MeV, respectively, so we take the approximation M ψ(4S) = M ηc(4S) = 4421 MeV.
The numerical values of the radiative decay widths are presented in Tables 2-4 , where we retain the unknown coupling constants δ(m, n) among the multiplets of the radial quantum numbers m and n. In general, we expect fitting the parameters δ(m, n) to the precise experimental data, however, in the present time the experimental data are far from enough. In Tables 4-6 , we present the ratios of the radiative decay widths among the charmonium states.
The radiative decay widths listed in the Review of Particle Physics are where we have neglected the uncertainties [49] . From those radiative decay widths, we can obtain the following ratios,
where the values in the bracket are the theoretical calculations based on the heavy quark effective theory. The agreements between the experimental data and the theoretical calculations are rather good, and the heavy quark effective theory works rather well. The ratios presented in Tables 4-6 can be confronted with the experimental data in the future at the BESIII, KEK-B, RHIC,PANDA and LHCb, and put additional constraints in identifying the X, Y , Z charmonium-like mesons.
There is a relative P -wave between the final-state charmonium and the photon, the radiative
, the M i and M f denote the masses of the initial and final charmonium states respectively. The numerical values of the decay widths shown in Tables 2-4 , where the effective coupling constants δ(m, n) have been factorized out, reflect the corresponding processes are facilitated or suppressed in the phase-space. If the energy gap M i − M f is small (or large), small variations of the masses M i and M f can (or cannot) lead to remarkable changes for the decay width. For example, we plot the radiative decay widths Γ(X(3872) → J/ψγ) and Γ(X(3872) → ψ ′ γ) versus the mass M X in Fig.1 . From the experimental data of the Babar collaboration Br(B + → X(3872)K + )×Br(X(3872) → J/ψγ) = (2.8 ± 0.8 ± 0.2) × 10 −6 and Br(B + → X(3872)K + ) × Br(X(3872) → ψ ′ γ) = (9.9 ± 2.9 ± 0.6) × 10 −6 [17] , we can obtain the central value of the ratio Γ(X(3872)→J/ψγ) Γ(X(3872)→ψ ′ γ) = 0.283, which means
δ 2 (2,2) = 0.00576. The large hierarchy δ(2, 1) ≪ δ(2, 2) is compatible with the phenomenological expectation that the χ c1 (2P) state potentially decays to the ψ ′ γ rather than to the J/ψγ, The E 1 and M 1 transitions among the charmonium states are usually calculated by the formula [58, 59, 60, 61] ,
where the E γ is the photon energy, the E f is the energy of final state charmonium, the M i is the mass of the initial state charmonium, and the angular matrix factor C f i is
The values of the matrix elements n ′ 2s
L j depend on the details of the wave-functions which are evaluated using a special potential model, for example, Table 2 : The radiative decay widths of the S-wave and D-wave charmonium states to the P -wave charmonium states. The unit is 10
the Cornell potential model, the logarithmic potential model, the power-law potential model, the QCD-motivated potential model [62] , the relativized Godfrey-Isgur model, the non-relativistic potential model [31] , the screened potential model [26] , the relativistic quark model based on a quasipotential approach in QCD [63, 64] , etc. All predictions should be confronted with the experimental data. In this article, we intend to make estimations based on the heavy quark effective theory, and prefer the ratios among the radiative decay widths of an special multiplet to another multiplet, where the unknown parameters δ(m, n) are canceled out with each other.
Conclusion
In this article, we study the radiative decays among the charmonium states with the heavy quark effective theory, and make predictions for ratios among the radiative decay widths of an special multiplet to another multiplet, where the unknown couple constants δ(m, n) are canceled out with Table 3 : The radiative decay widths of the P -wave charmonium states to the S-wave charmonium states. The unit is 10 −4 δ 2 (m, n). Table 4 : The ratios of the radiative decay widths of the S-wave charmonium states to the S-wave charmonium states. The unit of the widths is δ 2 (m, n).
Γ(ψ → χ c1 γ) Γ(ψ → χ c0 γ) Γ(η c → h c γ) 2S → 1P Table 6 : The ratios of the radiative decay widths of the P -wave charmonium states to the Swave charmonium states. There we normalize Γ χc2→ψγ = 1, the wide-hat denotes the experiential values. The radiative decay widths of the X(3872) versus its mass, the A and B denote the processes X(3872) → J/ψγ and X(3872) → ψ ′ γ, respectively; the units of the decay widths are 10 −2 δ 2 (2, 1) and 10 −3 δ 2 (2, 2), respectively, δ(2, 2) ≫ δ(2, 1).
each other. The predictions can be confronted with the experimental data in the future at the BESIII, KEK-B, RHIC,PANDA and LHCb, and put additional constraints in identifying the X, Y , Z charmonium-like mesons.
